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The prediction of the rate of evapo- 
ration of liquids in high-temperature 
surroundings is important in an in- 
creasing number of processes such as 
spray drying and flash drying, com- 
bustion of atomized liquid fuels, cy- 
clone evaporation, and in operations 
carried out in gas-conveyed systems, 
such as in the atomized suspension 
technique (1 ) . Theoretically at least, 
the problem is capable of solution if 
sufficient knowledge exists concerning 
the boundary-layer flow pattern and 
the rate of heat transfer by radiation 
and convection at every point of the 
system. 

As pointed out by Hoffman ( 2 ) ,  
most of the numerous investigations 
which have been reported in this field 
were concerned with low transfer rates 
and generally fall into two broad 
classes: measurement of the rate of 
heat and mass transfer from stationary 
liquid drops in surroundings at a tem- 
perature only moderately higher than 
that of the drop, and measurement of 
the rate of heat and mass transfer from 
liquid and solid spheres in a flowing 
medium under forced convection con- 
ditions. 

Virtually all of these studies, the 
most pertinent of which have been re- 
viewed in reference 2 and will not be 
listed here, have assumed that the two 
transfer mechanisms did not affect one 
another. With work at high rates of 
mass transfer, Hoffman has, however, 
shown that the rate of heat transfer is 
governed by the effect of the evolved 
vapors on the boundary-layer flow. 

The present investigation was under- 
taken specifically to study the vapori- 
zation of liquids at high rates of mass 
transfer and to provide a better under- 
standing of the complex interaction of 
the two transfer mechanisms. A theo- 
retical analysis of this problem will 
first be presented, from which the vari- 
ous dimensionless groups governing 
the process will be deduced. This will 
be followed by the description of an 
experimental study on the rates of 
evaporation from stationary spheres in 
high-temperature surroundings. 
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ANALYSIS OF PROBLEM 

In an analysis of the convective- 
transfer problem, the fundamental ap- 
proach is to consider the equations 
which govern the transfer of momen- 
tum, heat, and mass in the boundary 
layer. To simplify matters the case of 
two-dimensional incompressible flow 
along a curved surface will be con- 
sidered. With a curvilinear orthogonal 
system of coordinates whose x-axis will 
be in the direction of the wall, it can 
be shown that, in general, the bound- 
ary-layer equations for a flat wall may 
be applied to the case of a curved wall 
as well, provided that there are no 
large variations in curvature. When ap- 
plied to a sphere, this approach is only 
an approximation which should indi- 
cate the nature of the dimensionless 
parameters on which the solution 
should depend. Thus, assuming con- 
stant physical properties, the expres- 
sions are Navier-Stokes momentum 
equation derived from a force balance 
p(u au/ax + u au/ay) = f 

gz /J B(AT)  + /.A d2u/a$ - a p / a x  (1 )  
continuity equation from the material 
balance 

(2) 
energy equation from a heat balance, 
negIecting heat generated by viscous 
dissipation, and heat generation or 
absorption in the gas 

au/ax + au/ay = 0 

Cp p ( t d T / &  + ~ a T / a y )  
k (a2T/dy2) (3)  

diffusion equation from a material bal- 
ance on the diffusing component, 
neglecting thermal diffusion effects 
(zlac/ax + uac/ay) = 

Dv (a2c/ay2) (4) 
Problems involving simidtaneous 

heat and mass transfer are defined, 
only at low mass transfer rates, by 
Equations (l), ( 2 ) ,  (3) ,  and (4) ,  
with the following boundary condi- 
tions: 

u = 0, u = 0, T = T w ,  c = CW, 
at y = O  ( 5 )  

u = 0, d d d y  = 0, T = T,, 
dT/dy = 0, at y = co 

c = c,, dc/dtj = 0 (6) 
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At high mass transfer rates, diffusion 
need no longer be considered and a 
heat balance at the surface, where the 
evaporation process takes place, de- 
termines the rate of mass transfer. 
Thus 

mi  = kA(dT/dy)y=o + y r  (7) 
where qr is the net radiative heat 
transfer to the surface. 

Equations (l), (2), and (3) point 
to the essential feature of natural con- 
vection systems, namely that the dis- 
tribution of temperature and velocity 
are interdependent. In such systems, 
the velocity of the fluid is due entirely 
to the action of buoyancy forces arising 
from variations in density. Although 
the nonlinearity of the equations has 
made direct solution of the tempera- 
ture and velocity fields impossible, 
they may be used to derive the dy- 
namic similarity relationships existing 
between two different systems and 
thereby allow a prediction of the di- 
mensionless groups associated with 
those problems. 

To achieve dynamic similarity, Equa- 
tions (l), ( 2 ) ,  (3),  and (7) must be 
so transformed that they become iden- 
tical for the two fields with geometri- 
cally similar boundaries. This is pos- 
sible if dimensionless quantities are 
introduced. All length terms will be 
made dimensionless with reference to 
the diameter of the sphere, and the 
temperature in the energy equation 
will be referred to the temperature 
difference ( T w  - T,) between the 
wall and the fluid at a great distance 
from the body. But difficulty arises in 
selecting a suitable characteristic basis 
for the transformation of velocities. In 
forced fIow, the free-stream velocity is 
usually selected for this purpose. This 
basis cannot be used in the case of 
natural convection where the velocity 
of the fluid is due entirely to the action 
of the buoyancy forces and approaches 
zero beyond the boundary-layer thick- 
ness. However, at high mass transfer 
rate it has been shown that the result- 
ing radial velocity from the sphere is 
the dominant factor in the rate of heat 
transfer (2). Moreover, this radial vel- 
ocity is comparable in magnitude with 
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the fluid velocity induced by natural 
convection. Hence, in the opinion of 
the authors, it is justified to use the 
radial velocity at the surface of the 
sphere as a suitable basis for the 
formulation of the dimensionless quan- 
tities. 

The dimensionless forms of Equa- 
tions ( I ) ,  (2), (3) ,  and (7) will then 
be 

~1 aul/axl + 01 aul/ayl = 
- (1/2) apl/axl + a2u1/ay12 % 

dudax1 + aul/ayl = 0 

( N G r / N R e 2 )  6 ( 8 )  

(9) 

( 1 / N p r )  ( a2s/af) (10) 

( 11) 

Ula@/axl + ulae/ayl = 

N R e  = ( B ’ / N P r )  N N u  

The boundary conditions are 

at yi = 0: ui = 0, 

at yi = c13: UI = 0, 

01 = (NRe)If2,  6 = 1 (12) 

01 = 0, 6 = 0 (13) 

No attempt was made at this time to 
solve these equations, although a solu- 
tion is possible, at least for the case of 
flat plates. I t  is to be noted that in this 
system of equations, the only param- 
eters are the three dimensionless 
groups, NPT, (B’ /NPT)  and ( N G r / N R e 2 ) .  

This should prove useful in correlating 
and interpreting experimental data. It 
is also clear that, aside from the Prandtl 
number Npr,  the parameters (B’/Npr)  
and ( N C r / N R e 2 )  are of fundamental 
importance in the study of simultane- 
ous heat and mass transfer where one 
transfer mechanism can not be neg- 
lected in comparison with the other. 

Spalding ( 3 )  studied the rate of 
simultaneous heat and mass transfer 
from a vertical plate under natural 
convection conditions, and he attempted 
to account for the momentum of the 
vapor leaving the wall by considering 
the boundary conditions 

PVW = Dv ( a ~ / a y ) y = ~  (14) 

In his analysis, Spalding used the 
Karman-Pohlhausen integral method 
where velocity, temperature, and con- 
centration profiles in the boundary 
layer have been approximated by poly- 
nomial expansions in terms of the 
boundary-layer thickness. He also as- 
sumed that the thermal diffusivity and 
molecular diffusivity were equal, and 
Equations (3) and (4)  became identi- 
cal. 

He pointed out that most analyses of 
convective heat transfer assume that 
[l - ( T J T ) ]  = I: (T/T,) - 11 and 
are therefore applicable only to those 
cases where (T, - T )  is small. This 
assumption may lead to an overestima- 
tion of the buoyancy force when tem- 
perature differences are large. In his 
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own analysis, he considered AT/T, = 1, 
which means that the buoyancy force 
is its maximum value at all points of 
the boundary layer. 

Spalding’s results are presented in 

the form of plots of (mC,/?rDk)/ 
[ D3g/v2)  ( Npr2) ]lf4 against his trans- 
port number B, defined as (CpAT/Q) . 
A comparison with the stagnant-film 
hypothesis was also made. He pointed 
out that this theory ( 4 )  will lead to 
an overestimate of the mass transfer 
rate of up to 30%. 

Godsave (5) ,  in his treatment of 
the rate of combustion of fuel drops, 
neglected the convection effects and 
assumed only radial flow. This implies 
a spherical symmetrical model which 
allows radial flow of vapor and radial 
temperature gradients only. The energy 
equation can thus be written in the 
integral form 

( q r ) G = m X + m j T  CpdT (15) 

The simplest solution is obtained 
when ( q r ) G ,  the absorption of radia- 
tion in the boundary layer, is neglected 
and the heat capacity and the thermal 
conductivity of the gas is assigned an 
average value. The validity of the 
former asumption was established by 
HofFman (6). Under these conditions, 
Equation (15) can be integrated to 
yield 

Tw 

1/Td - 1/Tb (47rk/Cpm) 
[ln (1 + CphT/X‘)] ( 16) 

Rearranging Equation (16),  the evapo- 
ration rate can be predicted from the 
expression 

k = [In (1 + B ’ ) ] / [ ( C ~ / ~ J ~ )  
(1/Td - I / Y b ) ]  (17) 

where rb is the effective thickness of 
the so-called stagnant film surrounding 
the drop. From this equation, Spalding 
(7) pointed out that the effect of the 
evaporation rate on heat transfer to the 
drop is shown to depend on the new 
parameter which he defined as the 
transport number, B, as previously 
mentioned. In his analysis, subject to 
the above limitations, it is shown that 
the true Nusselt number ( N N ~ ) T  for 
pure heat transfer, that is, in the ab- 
sence of evaporation, should be modi- 
fied to yield the actual Nusselt num- 
ber ( N N ~ ) A  for the case of simultane- 
ous heat and mass transfer, as follows: 

( N N ~ ) A / ( N N ~ ) T  = [In (1  + B ) ] / B  

This same analysis has been presented 
in a slightly different form or extended 
to include the diffusion of various 
components by Goldsmith and Penner 
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(18) 

( 8 ) ,  Marshall (9), Ranz ( l o ) ,  Sleicher 
and Churchill (111, Spalding (7) ,  and 
others (12, 13, 14). 

Although the above theory based on 
a spherical symmetrical model has 
serious drawbacks, it nevertheless pro- 
vides a better understanding of the 
process that is actually taking place. 
Three conclusions may be derived 
from it. First, at  high evaporation rates, 
the heat capacity of the relatively cold 
vapor leaving the surface can seriously 
affect the heat transfer rate. This is 
shown to depend on the magnitude of 
the transport number B,  modified to 
include radiation effects. Second, it is 
clear that the radiant heat transfer can 
no longer be separated from the con- 
ductive and convective heat transfer 
and treated independently. Third, other 
things being equal, if for any reason 

(dT/dr)  is increased, m will first tend 
to increase. This will in turn lead to 
a decrease in (dT/dr),d, and eventually 
an equilibrium state will be reached. 
This dynamic balance may be illustrated 
even better by considering the con- 
vection effect characterized by the 
Grashof number N G r ,  as the driving 
force operating to decrease the bound- 
ary-layer thickness and thus increase 
the temperature gradient (dT /dr )  rd.  

This will first lead to an increase of m 
or N R ~  if expressed in a dimensionless 
momentum form. As the evaporation 
rate increases, its immediate effect will 
be to decrease the temperature gradi- 
ent. Therefore, as a net result, a new 
equilibrium is reached which clearly 
indicates that not Grashof number 
alone, but the ratio, ( N G r / N R e 2 ) Q  is 
the factor in determining the convec- 
tion effect on heat transfer when high 
mass transfer rates persist. Moreover, 
it is clear that the effect of the convec- 
tion current on the rate of heat trans- 
fer should be considerably less pro- 
nounced due to the presence of the 
evolving vapor. Therefore, for cases 
where the natural convection effect is 
small ( N G ~  < lo),  such as in the 
evaporation of small liquid drops, the 
natural convection can be neglected 
without appreciable error. 

As a result of a growing interest in 
phenomena associated with transpira- 
tion cooling, it is probable that new 
theoretical contributions may be made 
in this field. One such different ap- 
proach was recently taken by Eichhom 
( 1 5 )  who analyzed the effect of mass 
transfer on free convection. A vertical 
flat plate from which was ejected a 
fluid with the same physical properties 

* In the Grashof number the group Dg6 ( AT/2 ) 
represents the average buoyancy potential energy. 
For frictionless flow this can be replaced by a 
kinetic energy of +/2, if the pressure gradient is 
neglected, and thus 

Ncr = D2v2/v2 = N R ~  

May, 1963 



as the quiescent surroundings, but at a 
different temperature, was considered. 
Following the procedure developed by 
Eckert (16) and Brown (17, 18), 
Equations (l), (2),  and (3) were 
first reduced to 

y + 3fY'-2p + 8 = 0 (19) 
@" + 3 N ~ r f @ ' =  0 (20) 

where f and 6 are the dimensionless 
stream function and temperature, re- 
spectively, both functions of 7 defined 

7) = ( U / X )  (NGr/4) ' l4  (21) 
by 

The velocities in x and y directions and 
the temperature distribution are given 

U = ( 4 V / X )  ( N G r / 4 ) ' / ' f '  (22) 
by 

@ =  ( T - T m ) / ( 7 ' w - T m )  (24) 
respectively. The boundary conditions 
are 

f = f w ,  f '=O,  @=1, a t q = O  
f ' = 0 O ,  0 = 0 ,  sty= 00 (25) 

Solutions to Equations (19) and 
(20) for N P ~  = 0.73 were obtained 
numerically on a computer for several 
values of fw ranging from strong suc- 
tion to strong blowing. The interesting 
conclusions drawn from these solutions 
are that the skin friction is only slightly 
affected by the mass transfer; the ef- 
fect of mass transfer on the heat trans- 
fer is most pronounced, and the heat 
transfer rate is essentially zero at a 
high rate of blowing through the por- 
ous wall. 

However, it must be pointed out 
that the above analysis has its theo- 
retical limitations. According to Sch- 
lichting, the mathematical study of the 
laminar boundary layer with suction or 
blowing generally assumes that the 
fluid removed or injected is so small 
that only the immediate neighborhood 
of the wall is affected. This is equiva- 
lent to saying that, in general for forced 
convection, the ratio of the suction or 
blowing velocity to the free-stream 
velocity (uw/V,)  is very small, say in 
the order of 0.0001 to 0.01; whereas 
in the case of natural convection, the 
convective currents, induced by the 
difference in density, are restricted to 
the boundary layer. Therefore any fluid 
removed or injected through the wall 
in this case has a much more pro- 
nounced effect on the boundary layer 
than in the case where forced convec- 
tion is dominating. Great caution should 
therefore be taken in interpreting 
Eichhorn's theoretical predictions. 

Attention has so far been directed to 
the theoretical aspects of the problem. 
Consideration will now be given to 
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SECTION 1-a 

Fig. 1 .  Diagrammatic sketch of the 9-in. I.D. sphere ossembly. 

some of the more pertinent experi- 
mental investigations in this field. Most 
oi these studies have been concerned 
with mezsurements of the rates of 
vaporization from small stationary liq- 
uid drops suspended in a quiescent 
atmosphere (1, 19, 20) .  The evapora- 
tion rate was found to depend directly 
on the drop diameter and, based on 
this simple relationship, experimental 
results have invariably been reported 
in terms of the evaporation constant 
which is defined as the slope of the 
plot of D2. Similar experimental tech- 
niques have been used for determining 
combustion rates of fuel drops (21, 22, 
23, 24, 25, 26). However, since the 
variables required for an analysis of 
this process are quite often not ac- 
curately known, the fundamental mech- 
anism of drop evaporation in this case 
is difficult to isolate and to evaluate 
quantitatively, and the extensive litera- 
ture available on this subject has 
therefore been excluded. 

Nishiwaki (19) studied the rates of 
evaporation from drops of water, 
methanol, and heptane. The experi- 
mental values were found to agree with 
those predicted by Equation (17), 
modified to include thermal radiation 
effects. The values of ( T b / r d )  measured 
from Schlieren photographs were found 
to be approximately equal to 3 for 
various temperatures and times, re- 
gardless of the kind of liquid used. 

In their theoretical analysis of the 
evaporation process, Tanasawa and 
Kobayasi (27) considered the evapora- 
tion period as being the sum of pre- 
heating and an evaporative time in- 
terval. Each period was assumed to be 
independent of the other. During the 
preheating period the temperature of 
the drop was allowed to reach an arbi- 
trary temperature Ts and the Nusselt 
number was assumed to be approxi- 
mately 2.0. During the evaporative 
period, a finite arbitrary portion of the 
mass of the drop was assumed to va- 
porize causing the drop temperature 
to fall. This cycle was repeated until 
evaporation was complete. Kobayasi 
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(20), at a later date, reported the rates 
of evaporation of twelve pure organic 
liquids and five blends of petroleum 
products from stationary drops in air 
at  temperatures from 50" to 800°C. 
In the case of water, methanol, and 
benzene only, the results were com- 
pared with the theory and found to be 
in fair agreement. It is of interest to 
note that the evaporation constants 
reported by Kobayasi for water and 
for methanol in particular were higher 
than those obtained by Nishiwaki. 

Hoffman (2) in his studies of the 
evaporation rate of stationary drops of 
water, methanol, cumene, pentane, and 
benzene found that his data agreed 
well with those reported by Kobayasi. 
However, in his analysis he found no 
dependency of Nusselt number on the 
Grashof number*. He concluded that 
although buoyancy effects undoubtedly 
exist in the boundary layer, they could 
not be accounted for in the conven- 
tional way, that is, by means of the 
Grashof number. Therefore, rather than 
correlating the data by using the Nus- 
selt number, he proposed the following 
expression: 

(& Cp/TDkf) ( N P ? )  -'I3 = 3.2B0.97 (26) 

He pointed out that the group 

( m  Cp/aDkf) was equivalent to the 
product ( N R ~  - N P ~ ) ,  or the Peclet 
number for the evolved vapor, based 
on the radial velocity. The accuracy of 
this expression in predicting the evapo- 
ration rates clearly inferred that the 
mass rate of vapor evolution depended 
on the evaporation rate itself. 

Based on the theoretical considera- 
tions which have been presented and 
on the experimental evidence available, 
it can be concluded that any attempt 
to formulate a sound correlation for 
the mechanism of natural convection 
at high mass transfer rates should take 
into account four major factors. 
-~ 

* The Nusselt number for heat transfer by natu- 
ral convection is known to depend on (Nor)", 
for which Ranz and Marshall (28) suggest n = 
0.25. Therefore, the evaporation rate should be a 
function of D8-1. Hoffman, however, found It to 
be a function of D. 
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1. The mass flow rate of evolved 
vapors undoubtedly affects the flow 
pattern in the boundary layer. In 
quiescent atmospheres, the radial vapor 
velocity at the drop surface may be 
comparable in magnitude to the free 
convection velocity. As a result, the 
effect of the convective current on the 
rate of the heat transfer cannot be 
represented by the Grashof number 
alone but by the ratio ( N G r / N R e 2 ) ,  

2. As the relatively cold vapor moves 
away from the surface into the high 
temperature surroundings, its sensible 
heat content must increase and cannot 
be neglected in comparison with the 
latent heat of vaporization. Therefore, 
the Nusselt number for heat transfer 
must be corrected as indicated by 
Equation (IS). 

3. At high temperatures, the radiant 
transfer may contribute as much as 
80% of the total thermal energy re- 
quired for the evaporation process. Al- 
though Godsave ( 5 )  neglected radia- 
tion in his analysis, he proposed that 
it be  considered as reducing the heat 
requirement necessary for the evapora- 
tion of the drop. Thus, the latent heat 
of vaporization can be expressed as 

X' = X - (qr/m) ( 2 7 )  
4. Because of the large tempera- 

ture differences involved, there is some 
doubt as to what mean temperature 
should be used to evaluate the physical 
properties of the vapor. Douglas and 
Churchill (29) showed that most of 
the published high-temperature data 
could be reconciled if the fluid prop- 
erties were evaluated a t  the average 
boundary layer temperature. This was 
also suggested by Jakob ( 3 0 ) .  

It must be emphasized that none of 
the studies so far reported in the litera- 
ture have taken into account all four 
factors in the interpretation of their 
data. The task of the present investi- 
gation was therefore twofold: to verify 
the validity of the dimensionIess groups 
predicted from the theoretical analysis 
for the correlation of the experimental 
heat transfer data, and to incorporate 
in this correlation the four factors 
which have just been discussed, 
namely: use Of  the group ( N G r / N R e 2 )  
as the main variable and of the cor- 
rected Nusselt number ( N N ~ ) T  for the 
heat transfer-rate-detennining term, in- 
clusion of radiant heat transmission in 
the bansfer equations, and finally esti- 
mation of the boundary layer proper- 
ties a t  the proper mean temperature. 

EXPERIMENTAL 

The experimental investigation in- 
volved measurement of the rate of evapo- 
ration of three different liquids, water, 
benzene, and methanol, from stationary 
porous hollow spheres, Y4 to 4i in. in 

diam., in a quiescent atmosphere con- 
sisting of their own vapor, at tempera- 
tures ranging from 400' to 1,000"K. 

Equipment 

The main components of the experi- 
mental equipment used in the present 
study were those described by Hoffman 
in his thesis ( 3 1 ) .  Only a brief descrip- 
tion will be given here. The 9-in. 1.D. 
stainless steel sphere shown in Figure 1 
was made up of two hemispheres each 
equipped with opposite viewing ports 
and was designed to operate at tempera- 
tures up to 1,500"F. and pressures up to 
10 atm. The sphere assembly was housed 
in a stainless steel box equipped with 
Nichrome wire heaters. The temperature 
of the system was controlled by a pyro- 
vane proportional controller, and the 
whole assembly was insulated with 6 in. 
of Fiberfrax. 

To measure the steady state evapora- 
tion rate of a liquid from a porous sphere, 
a thin film of the liquid must be main- 
tained at the surface by continuous feed- 
ing. To be effective, the method of feed- 
ing must be so designed as to prevent 
the liquid from boiling before it reaches 
the sphere, and interference with the flow 
of the natural convection currents around 
the sphere must be avoided. A feeding 
unit which appeared to meet these re- 
quirements was designed and constructed. 

FEED 

COOLING 
WATER 

- RADIATION 
SHIELDS 

POROUS 
SPHERE 

W 
Fig. 2. Diagrammatic sketch of the liquid 

feeding assembly. 

As shown in Figure 2, it consisted of a 
1/16-in. stainless steel tube, enclosed in 
a cooling water jacket through which the 
test liquid was injected. Two concentric 
radiation shields about 0.01 in. apart 
provided the necessary insulation from the 
high-temperature surroundings. The whole 
assembly was tested in an open furnace, 
and although the outer shield was glow- 
ing red, the cooling water temperature in 
the jacket rose by less than 10°C. 

For ease of handling, fine hypodermic 
needles sealed with epoxy into the porous 
spheres were joined to the feeding as- 
sembly by soldering. To minimize the 
interference of the holder on the flow pat- 
tern around the evaporating sphere, a 
minimum distance of %-in. was main- 
tained between the sphere and the holder. 

The porous hollow spheres ( %, %, and 
4i in. in diam.) were made of diatomace- 
ous earth (Celite) without the binding 
clay, to increase its porosity. Thus pre- 
pared, this material absorbs about three 
times its own weight of liquid before 
reaching saturation. It is interesting to 
note that despite its exceptionally high 
absorptive capacity for liquids, Celite is 
nearly nonhygroscopic. 

Three 0,0005-in. platinum platinum- 
10% rhodium thermocouples were pro- 
vided for mapping the temperature pro- 
files around the sphere. The thermocouples 
could be moved by a micrometer screw 
outside the sphere, so that the thermo- 
couple junction in the plane of the great 
circle of the sphere could traverse the 
region immediately surrounding the sphere 
in a direction of constant polar angle. The 
position of the thermocouple relative to 
the surface of the sphere was determined 
within 0.005 in. by means of a micro- 
vernier. The 0.0005-in. wires were fused 
together using a microtorch. The thermo- 
couples were calibrated against an ac- 
curate standard thermometer over the 
range of temperatures between 100" and 
400°C. 

The temperature-recording system con- 
sisted of a precision potentiometer com- 
bined with a high-speed strip-chart re- 
corder with a pen speed of one quarter 
second for full-scale travel. Switches were 
used to give any desired combination of 
temperature readings and also to permit 
convenient standardization of the recorder 
against the potentiometer. 

It soon became evident that a qualita- 
tive visualization of the flow pattern of the 
evolved vapor would be of great assistance 
in the interpretation of the mass transfer 
data. A complete optical bench was 
therefore developed to take Schlieren 
photographs of the evaporating sphere 
which has been described elsewhere ( 4 2 ) .  

Procedure 

The stainless steel was heated up and 
maintained at the desired temperature for 
about 2 hr. prior to the experimental test. 
During this time, the sphere was purged 
of its contained gas atmosphere twice by 
injecting approximately 75 ml. of the liq- 
uid under study. When all three thermo- 
couples registered the same temperature 
throughout a complete traverse of the 
atmosphere, the feeding assembly with 
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Fig. 3. Evaporation rate data for water. 

the attached porous sphere was intro- 
duced. The liquid from a calibrated glass 
cylinder was fed to the sphere through a 
needle valve. Since the whole system was 
under pressure (approximately 15 lb./sq. 
in. gauge), it may be safely assumed that 
the change of the liquid level in the cali- 
brated glass container had very little ef- 
fect on the actual rate of flow. The feed 
was adjusted, by observation through the 
viewing ports and manipulation of the 
needle valve, to give just enough liquid 
to maintain a thin liquid film on the sur- 
face of the sphere. The feed rate was 
then recorded every 5 min. during a 
period of 1 hr. Certain runs were re- 
peated under identical conditions, and the 
maximum variation in evaporation rate 
was found to be 3%. 

After steady state had been reached 
the temperature profiles around the 
sphere were mapped and recorded on the 
strip-chart recorder. For runs numbers 1 to 
9, in which the feeding assembly was 
introduced from the top, two tempera- 
ture profiles were made: one at 45 deg. 
and the other at 135 deg. from the lower 
stagnation point. To minimize interference 
with the natural convection currents, the 
feeding assembly in the remaining runs 
was introduced at an angle of 45 deg. 
from the lower stagnation point. This was 
achieved by inserting the feed tube 
through one of the thermocouple ports in 
the lower half of the stainless steel sphere. 
In these runs, the temperature profiles 
were taken at 135 deg. from the lower 
stagnation point. 

Substances Investigated 

The effect of mass transfer on heat 
transfer may be expected to be particularly 
pronounced when the dimensionless group 
B' is large. In other words, signifkant 
perturbations should arise either when the 
ambient temperature T, is high or when 
the latent heat of the liquid is small. 
Based on these considerations, and also 
on the availability of the liquids in pure 
form and a knowledge of their physical 
properties, distilled water, methanol, and 
benzene (both analytical reagent grade) 
were chosen as the most suitable sub- 
stances to be studied. 

The physical properties of steam have 
been measured and reported by Keyes 
(32). However, the data for the organic 
vapor at high temperatures presented a 
more difficult problem. They were ob- 
tained mainly from a critical review of 
the literature data and the extrapolation of 
the data collected by Reid and Shenvood 
(33), Vines ( 3 4 ) ,  Vines and Bennett 
(35), Montgomery and De Vries (36) 
and De Vries and Collins (37). 

RESULTS 

The experimental rates of evapora- 
tion are summarized in Table 1' and 
plotted in Figures 3, 4, and 5. All ex- 
periments were carried out at  atmos- 
pheric pressure, and the temperature 
ranged from 400" to 1,000"K. 

Values of thermocouple tempera- 
tures around the spheres are plotted in 
Figures 6 and 7 as a function of a di- 
mensionless ratio ( r / r d ) ,  where r is the 
radial distance from the center of the 
sphere. Short, Brown, and Sage ( 3 8 ) ,  
in their study of local thermal transfer 
from spheres, have given a detailed 
discussion of the errors involved in the 
measurement of boundary-layer tem- 
perature profiles by means of thermo- 
couples. The most serious one results 
from significant thermal transfer by 
conduction from the thermocouple 
junction to the sphere when the dis- 
tance between the two is of the order 
of the boundary-layer thickness on the 
former. Also, as a result of large tem- 
perature gradients along the wire, some 
thermal transfer by conduction must 
necessarily occur. The interference on 
the boundary-layer flow caused by the 
wake of the thermocouple junction and 
the radiation from the surroundings to 

* Tabdar material has been deposited as docu- 
ment 7523 with the American Documentation In- 
stitnte. Photoduulication Service, Library of Con- %,s, 'Washington 25,. D. C., and may be obtained 
or $1.25 for photoprints or for 35-mm microfdm. 
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Fig. 5. Evaporation rate data for benzene. 

the wires may similarly be significant 
in the present work, since the 0.0005- 
in. thermocouple wires were joined by 
direct fusion and the resulting junction 
was of the order of 0.0015 in. in diam- 
eter. In view of these uncertainties and 
the lack of available information re- 
quired for corrections, only a selected 
number of profiles were taken, and 
they are reported here as a qualitative 
study only. 

TREATMENT AND DISCUSSION 
OF DATA 

The total interfacial heat flux from 
the gas to the liquid film on the sur- 
face of a porous sphere can be ob- 
tained from the following energy bal- 
ance: 

mA- [ q r  + ( q r ) G I  = 
kA (dT/dr)  r=rd = h d A T  (28) 

Ho&nan (6) estimated the magnitude 
of the radiation absorbed by the rela- 
tively colder boundary layer and found 
( + ) G  to be negligibly small. There- 
fore, the thermal radiation received 
by the sphere will be essentially the 
same as that which it would receive if 
it were in a nonabsorbing medium. 
The radiation absorbed by the sphere 
is then given by: 

= apvA(Tm4- T w 4 )  (29) 

The absorptivity of the various liq- 
uids on porous surfaces was not avail- 
able from the literature at the time of 
this study. However, it has been known 
for some time that the absorptivity of 
liquid films is a function of their thick- 
ness. This leads to the belief that the 
porous surface background may be an 
important factor in the absorption of 
thermal radiation. The main chemical 
composition of Celite is 89% silica, 
4% alumina and 1.5% iron oxide. The 
particle size is in the range of 4 to 
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r/r, 
Fig. 6. Temperature profiles of water vapor 
around a %-in. sphere (45 deg. from the lower 

stagnation point). 

10 p. Michaud (39) studied the effect 
of mean grain size and iron oxide im- 
purities on the absorptivity of silica- 
alumina refractories, and his results 
showed that the absorptivity of a re- 
fractory composed of 60% silica, 26% 
alumina, and 1.6% iron oxide had a 
value of 0.73. Water is decidedly 
opaque to thermal radiation and an 
absorptivity as high as 0.9 has been 
commonly used. The same may hold 
for methanol and benzene. Owing to 
the uncertainty concerning the exact 
thickness of the liquid film, it was felt 
that the use of an average value of 
0.8 best represented the combined ef- 
fects of the liquid and surface absorp- 
tivities. Moreover, this value of aP cor- 
related the data with minimum devia- 
tion from the relationship which will 
be proposed later. 

Rearranging in the form of dimen- 
sionless groups, Equation (28) be- 
comes 

40 
- 0 WATER 

0 METHANDL 

( N N ~ ~ A  = hAD/k = (m CP/aDk)  / B ’  
( 3 0 )  

112 IN. OPEN SYMBOLS 

W E  IN. HALF CLOSED SYMBOLS 

1.0 2.0 3.0 

r/ 

20 

Fig. 7. Temperature profiles of water vapor 
around a %-in. sphere (135 deg. from the lower 

stagnation point) . 
where 

B = ( G A T ) / ( x -  q T / i )  

Combining Equations (29) and (18) 
to obtain the true Nusselt number 
( N N ~ )  T for pure heat transfer 

( N N u ) T  = m C p / d k h  (1 + B ’ )  (31) 
The gas properties were evaluated at 
the average film temperature. 

The true Nusselt number, ( N N % ) T ,  
was first plotted against the buoyancy 
force represented by the Grashof num- 
ber, as shown in Figure 8. The correla- 
tion proposed by Ranz and Marshall 
( 2 8 )  for natural convection heat trans- 
fer at small rates of mass transfer was 
also included for comparison. A defi- 
nite pattern in the variations of the 
true Nusselt number can be clearly 
observed for each set of data, indicat- 
ing the effect of mass transfer rate. 

An attempt was also made to corre- 
late the experimental results by means 
of Hoffman’s method ( 2 ) .  A straight 
line could be drawn through the data 

I I l l  
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Fig. 8. Plot of true Nusselt numbers against Grashof number (Pr  = 1). 
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and the expression for the regression 
line was 

( m  Cp/?rDk) ( NP,) -u3 = 5.4 ( B ’ )  0 ~ 5  

( 3 2 )  
with a root mean square deviation of 
22.8%. This differs from the correla- 
tion proposed by Hoffman, extrapo- 
lated to the range of the present study, 
on two counts: it leads to somewhat 
higher rates of mass transfer than those 
predicted by Hoffman, and the de- 
pendence on B’ is not as pronounced. 
Reasons for these discrepancies may 
be summarized as follows: 

1. Hoffman’s range of Grashof num- 
bers was less than 10. The Grashof 
number in the present study was con- 
siderably higher, of the order of 102 to 
lo4. Since it has been shown in the 
analysis that this dimensionless group 
is one of the governing factors for the 
transfer rate, Hoffman’s correlation 
cannot be expected to cover a large 
range of Grashof numbers, although it 
may be quite adequate at low values 
of the latter. 

2. Hoffman used B in his correlation 
which does not differ too much from B’ 
for small droplets. Thus for the liquid 
drops which he used, 0.5 to 1.2 mm. in 
diam., approximately, the contribution 
from radiation was in the range from 
10 to 35%. However, in the case of 
the larger spheres used in the present 
investigation this contribution was as 
high as 80%” of the total heat trans- 
fer rate, in which case B’ will differ 
from B significantly. It has been shown 
in the analysis that B‘ should be the 
proper parameter to use. 

3. It is interesting to note that, if 
the power of B appearing in Hoffman’s 
correlation, Equation (26), is taken to 
be unity, and combined with Equation 
(30), the result is: 

( N N ~ ) A  = 3.2 P r l n  (33) 

Since the Prandtl number for most liq- 
uid vapors is in the neighborhood of 
unity, the above equation would indi- 
cate that in Hoffman’s case the appar- 
ent Nusselt number was close to a 
value of 3.2. In the present study the 
apparent Nusselt number varied from 
3 to 7, as could be expected since a 
much wider range of Grashof numbers 
(over thirtyfold) was covered. 

I t  might be instructive to attempt to 
establish the dependency of heat 
transfer on naturaI convection by com- 
paring the actual measured tempera- 
ture profiles with those calculated 
from Equation (16) in which the con- 
vection effect is neglected. As shown 
in Figure 9, for r b / T d  < 1.2 the calcu- 
lated curve, dotted line, lies between 

0 I t  is obvious that although convection heat 
transfer varies as the first power of D, radiation 
transmission is proportional to 0 2 .  
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the experimental temperature profiles 
for the upper and lower half of the 
porous sphere respectively. This clearly 
indicates the presence of the natural 
convection effect: at  the top of the 
sphere, the boundary layer is depleted 
by the convection currents, resulting 
in a steeper temperature gradient. The 
opposite behavior applies for the lower 
part of the sphere. At r b / r d >  1.2, the 
cold vapor decreases the temperature 
gradient. Unfortunately, the uncertain- 
ties involved in the thermocouple read- 
ings prevented any quantitative analy- 
sis of the local thermal transport val- 
ues. 

It should be noted that in most cases 
the solutions of the temperature and 
velocity fields in the boundary layer 
are not required. Examination of the 
boundary-layer equations from the 
point of view of the principle of simi- 
larity indicates the dimensionless groups 
on which the solution must depend. 
Thus, the solutions of Equations ( l ) ,  
( 2 ) ,  and ( 3 ) ,  together with Equation 
( 7 )  which determines the mass trans- 
fer rate, depend on the following di- 
mensionless groups: ( N G r / N R e 2 ) ,  (B'/ 
NP,) and NP,. The form of the corre- 
lation involving these groups is sug- 
gested by the solution for the flat-plate 
problem for incompressible flow and 
NP,  # 1 ( 4 3 ) ,  modified to include the 
groups predicted by the analysis. Ac- 
cordingly, [ ( N N U )  T/ ( N R e )  [B'/ 
( NP, )  lI3] was plotted against ( NGT/  
N R ~ )  as shown in Figure 10. All the 
data correlate satisfactorily with a root 
mean square error of 6.5%. The ex- 
pression for the proposed correlation is 

[ ( N N u )  T/ ( N R e )  "'1 [B'/ ( N P r )  1'3i = 

3.32 ( N G r / N R e 2 )  O'Oo7 (34) 

The data of Hoffman (2 ) ,  Nishiwaki 
(19) and Kobayasi (20) for water, 
benzene, and methanol were also eval- 
uated on the basis of the above corre- 
lation. The regression line in this case 
is somewhat different and is repre- 
sented by the following expression 
with an average deviation of 5.9%: 

[ (NNI)T~("~)~"~[B'/(NP~)''~] = 
2.11 ( N G r / N R e 2 ) 0 ' 0 7 7  (35) 

In the establishment of the latter 
correlation, the following points should 
be noted: 

1. The data of these three workers 
were obtained under unsteady condi- 
tions. The recession of the boundary 
layer might have had an effect on the 
results, as discussed by Sparrow and 
Gregg (40). 

2. The absorptivity of the liquid 
droplets was taken as 0.9 by the three 
workers, whereas the measurement of 
Brown (41 ) indicates slightly lower 
value for water films 0.5 mm. thick. 

3. The sensible heat of the liquid 
droplets was neglected in these investi- 
gations. Although this factor may be 
small, particularly in the case of water, 
it is certainly not negligible. 

CONCLUSIONS 

It  is recognized that at small mass 
transfer rates the flow of material 
across the interface is important only 
in calculating the fluxes of the different 
species across the boundary. The dis- 
tortion of the velocity and concentra- 
tion profiles by mass transfer may be 
neglected, which makes it possible to 
solve many mass transfer problems by 
analogy with corresponding problems 
in heat transfer. The converse is also 
true. This important analogy permits 
one to derive mass transfer correlations 
from heat transfer correlations for 
equivalent boundary conditions by 
merely substituting Nsh for N N ~  and 
Nsc for N P ~  for almost any flow geom- 
etry and for laminar or sometimes for 
turbulent flows. 

In the case of high mass transfer, 
there are, in general, two approaches 

to the problem: to evaluate correction 
factors by which h and k, may be 
multiplied to obtain the corrected CO- 
efficients, and to correlate the results 
on the basis of Godsave's spherical 
model, conduction across the boundary 
layer controlling. The main limitation 
to the former lies in the assumption 
that the boundary is unaffected by 
mass transfer, whereas the latter as- 
sumes that the convection effect is 
negligible. 

In the present investigation, a third 
approach has been presented. The 
theoretical analysis of the boundary- 
layer equations based on a finite radial 
velocity of vapor at the surface of the 
sphere revealed that the effect of con- 
vective currents can be accounted for 
by the parameter ( N G r / N R e 2 ) .  Accord- 
ingly, the experimental results of the 
evaporation rates were satisfactorily 
correlated by the expression 
[ ("u) T/ ( N R e )  '"] [B'/ ( N P r )  = 

3.32 ( N G r / N R e 2 )  O'Oo7 (34) 
Although (NN=)T varied only from 

6.05 to 11.5, B' covered a range from 
0.166 to 9.63 and N G ,  from 297 to 
10,250. The accuracy of this expres- 
sion is quite encouraging, particularly 
in view of the uncertainties concerning 
the physical properties of benzene and 
methanol. Since it has been established 
experimentally that the evaporation 
rates of stationary drops in high-tem- 
perature surroundings depended on 
the mass rate of vapor evolution, the 
weak dependence of the rates of heat 
transfer on ( N G r / N R e 2 )  is not surpris- 
ing. This explains the fact that a num- 
ber of published experimental studies 
could be successfully correlated by 
excluding the convection effect within 
a limited range of Grashof numbers. 

Moreover, the above correlation 
gives support to the following points: 

1. The vapor evolution thickens the 
boundary layer around the sphere and 
therefore controls the heat transfer 
rate. 

2. At high temperatures, the sensi- 
ble heat of the evolved vapor is no 
longer small and hence the Nusselt 
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Fig. 10. Correlation of a l l  experimental data. 
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number must be modified to give its 
true value. 

3. The buoyancy force existing in 
the boundary layer is considerably less 
pronounced than in the case where the 
~ I - I ~ S S  transfer rate is small. It therefore 
cannot be accounted for by means of 
the Grashof number alone. 

4. The radiant heat transfer contri- 
bution can no longer be considered 
separately from that due to convec- 
tion and conduction. 

5. The variation of the physical 
properties may be accounted for satis- 
factorily by using the values calculated 
at the arithmetic mean film tempera- 
tures across the boundary layer. 

I t  might be argued that the pro- 
posed correlation cannot be extrapo- 
lated to the case of heat transfer where 
the vapor Reynolds number is neg- 
ligibly small, since it would assume an 
indeterminate form. It is not believed, 
however, that this criticism is well- 
founded nor does it invalidate the cor- 
relation, since the latter was derived 
on the basis of a finite surface vapor 
velocity acting to modify the fluid 
dynamic behavior in the boundary 
la er. Owing to the very nature of the 

heat transfer, it is doubtful whether a 
single correlation could be found which 
would cover the effect of mass trans- 
fer, and at the same time include pure 
natural convection heat transfer. 

It is even more difficult to predict at 
what minimum mass transfer rate 
Equation (34) begins to apply. Part 
of the difficulty is due to the fact that 
as AT increases, N G ~  for a vapor in- 
creases quite rapidly at first, then 
passes through a maximum at a AT in 
the range of 125" to 150°C., for the 
materials investigated, and then de- 
creases steadily as AT continues to in- 
crease, since the kinematic viscosity 
increases rather markedly with tem- 
perature. Thus any prediction involv- 
ing the Grashof number might not be 
a simple one and cannot be obtained 
from the present work which was car- 
ried out entirely in the range of de- 
creasing N G ~ .  It is hoped that further 
studies which are currently under way 
in this laboratory will help to elucidate 
this important point. 
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NOTATION 
A = area, sq. ft. 
c = concentration of diffusing 

component, Ib./cu. ft .  

e f!l ect of mass transfer on the rate of 
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CP = heat capacity, (B.t.u.)/(lb.) 

D = diameter, ft. 
Dv = mass diffusivity, sq. ft./sec., 

or sq. ft./hr. 
f = dimensionless stream function 
f',f",f"' = first, second, and third 

derivatives of f with respect to 
7 

( O F . )  

g = gravitational constant, ft./ 
(hr.)z 

h = heat transfer coefficient, 
(B.t.u.)/(hr.) (sq. ft.) (OF.) 

k = thermal copductivity, (B.t.u.)/ 

K = constant 
kg = mass transfer coefficient, (lb. 

L = characteristic length, ft. 
m 

m ( d d d e )  = evaporation rate, g./ 

p = pressure, Ib./sq. ft. 
q 
Q 

(hr.) (ft.) ( O F . )  

moles)/&.) (sq. ft.) ( A p )  

= evaporation, g. or Ib. 

sec. or lb./hr. 

= heat transfer rate, B.t.u./hr. 
= heat conducted from gas to 

body, per unit mass of vapor 
evolved 

r = radius, ft. 
Td = radius of a sphere, ft. 
rb = radius of effective spherical 

boundary layer, ft. 
T = absolute temperature, O R  

u = component velocity in x-di- 

U = free-stream velocity, ft./sec. 
w = component velocity in y-direc- 

x, y = distance in Cartesian coordi- 

rection, ft./sec. 

tion, ft./sec. 

nate system, ft. 

Greek Letters 

0 1 ~  = absorptivity of particle, di- 

/3 = coefficient of volume expan- 

7 = boundary-layer coordinate, di- 

e = time, hr. 
8 = temperature difference ratio, 

dimensionless, Equation (24) 
o', O" = first and second derivatives 

of 6 with respect to 7 
A = latent heat of vaporization, 

B.t.u./lb. 
A' = modified latent heat of vapori- 

zation, B.t.u./lb., Equation 

mensionless 

sion, 1/"R 

mensionless 

(27) 
p = density, lb./cu. ft. 
u = Stefan-Boltzmann constant: 

0.173 x lop8, (B.t.u.)/(hr.) 
(sq. ft .)  

p = absolute viscosity, (lb.) / (ft.) 
(sec.), or ( lb.)/(ft .)  (hr.) 

y = kinematic viscosity, sq. ft./hr. 

Dimensionless Groups 

R = Spalding's transport number: 

B' = Spalding's modified transport 
CpAT/A 

number: CdT/A'  

N G ~  
"U 

N P ~  
N R e  

P' 
U' 
0 1  

x1 
Y' 

= Grashof number: D3@AT/v2 
= Nusselt number: hD/k  
= Prandtl number: Cpp/k 
= Reynolds number: DVW/V 

= u / v w  
= ( V / V w )  (NRe) '"  
= x,/D 
= (y/D) ( N R e ) 1 ' 2  

= p / p v w Z  

Subscripts 

A = actual 
b = boundary layer 
d = drop 
G = gas 
r = radiation 
T = t r u e  
w = wall 
x = x-direction 
y = y-direction 
cc = main stream 
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The Pumping Capacity of Impellers in 

Stirred Tanks 
GEORGE R. MARR, JR., and ERNEST F. JOHNSON 

Princeton University, Princeton, New Jersey 

The flow characteristics produced by 
an impeller in a stirred tank must be 
known if the overall behavior of the 
stirred tank is to be predicted. Corre- 
lations of impeller power requirements 
are available for a wide variety of im- 
peller and tank geometries ( I ) ,  but 
there is relatively little quantitative in- 
formation about impeller pumping ca- 
pacities. 

Rushton, Mack, and Everett ( 4 )  at- 
tempted the determination of pumping 
capacities in a special two-tank assem- 
bly. Water was pumped by a propeller 
through an orifice in the bottom of the 
smaller tank and into the larger sur- 
rounding tank. The geometry of the sys- 
tem was adjusted to give a maximum 
flow, and this maximum flow was as- 
sumed to be the actual propeller pump- 
ing capacity. These authors found the 
volumetric pumping rate (4) to be de- 
pendent upon the propeller speed ( N )  
and propeller diameter ( D I )  according 
to the equation 
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where K is a constant. Some additional 
data were obtained for turbine im- 
pellers with the same experimental 
technique. 

A later paper ( 5 )  reports the volu- 
metric pumping rate to be dependent 
on the cube of propeller diameter with 
the value of K given as 0.4 for water 
at 70°F. 

Sachs and Rushton (6) describe a 
photographic technique that was em- 
ployed to study both the pumping ca- 
pacity and the overall circulation 
caused by turbine impellers. Van de 
Vusse (8) presents a theoretical dis- 
cussion of the factors defining impeller 
pumping capacities. 

The present paper discusses a new 
experimental technique for determin- 
ing pumping capacities. This method 
is believed to be superior to those pre- 
viously reported in that it is quite sim- 
ple and does not disturb the system 
being studied. Furthermore analysis of 
the resulting data can give information 

about overall circulation rates as dis- 
tinct from pure pumping capacities and 
point the way to the writing of a math- 
ematical model describing batch mix- 
ing experiments and the transient be- 
havior of continuous-flow stirred tanks 
( 3 ) .  
THE FLOW-TIME DISTRIBUTION 
EXPERIMENT 

The new procedure for studying 
pumping capacities in stirred tanks in- 
volves a flow-time distribution experi- 
ment in which the time required for 
fluid to flow around the circulation pat- 
tern of a stirred tank is measured. This 
measurement is made by watching a 
small object (called the flm follower) 
as it is carried about the tank and 
noting each time it passes some chosen 
reference point. Several hundred ob- 
servations of this kind are made during 
one experiment. 

Two important conditions must be 
met if the experimental results are to 
have a useful meaning. First the flow 
follower must have the same density as 
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